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Abstract

We prove analytically that even the best possible link prediction method for a network
ensemble E—generated by assigning undirected links between pairs of nodes i and j with
independent pairwise probabilities {pij}—yields a limited precision. This suggests an abso-
lute limitation to the predictability of missing links in real networks, due to the irreducible
uncertainty arising from the random nature of link formation processes. We show that a pre-
dictability limit can be estimated in real networks, and we propose a method to approximate
such bound from real-world networks with missing links.

Optimal prediction strategy for a graph ensemble

The optimal strategy of link prediction (OS) for an ensemble E is the one that maximizes
the expected precision

〈Q〉 =
∑
G

∑
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P (G,Gobs)Q(G,Gobs, Ginf) =∑
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P (Gobs)
∑
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where G ∈ E is the original network, Gobs is the observed graph, and Ginf is the inferred
one. We have analytically proved that the optimal strategy is the one generating Ginf from
Gobs by adding the links according to the connection probabilities {pij} ranked in
decreasing order.

Expected precision of the optimal strategy in network

ensembles

1. Rank all possible pair of nodes in E using {pij} such that pl ≥ pl+1

2. Initialize the expected number of correct predictions, T = 0; the expected number of
non-observed links, H = 0; and link index, l = 1

3. Repeat

Tnew = Told + P
(
al = 1, aobs

l = 0
)

= Told + qpl

Hnew = Hold + P
(
aobs
l = 0

)
= Hold + 1− pl + qpl

l = l + 1

Unitl H ≈ L =
∑

l qpl

4. 〈Q〉 = T/H

Figure 1: Precision as a function of the fraction of missing links for different link prediction methods on
different network ensembles

Inferring the OS predictability curve in fully observed

real networks

• Infer the connection probabilities {pij} for a complete real network using a suitable
ensemble model—here we use S1 or dc-SBM.

• The network-specific choice between S1 and dc-SBM is based on the computed likelihood
for network to be generated by each model

L =
∏
i<j

p
aij
ij (1− pij)

1−aij .

Figure 2: Precision as a function of the fraction of missing links for different link prediction methods on
complete real-world networks. Panels a-c use S1 and d-f employ dc-SBM model.

Inferring the OS predictability curve in real networks

with missing links

1. Select the most suitable network model for Gobs(V,Eobs)

2. Fit the model to infer {pobs
ij }, relabel and sort them as pobs

ij ↔ pl and pl > pl+1

3. Initialize the expected number of non-links in new graphs G̃ ∈ S(G), H = 0; the expected
number of non-links in G̃ that would exist in G, T = 0; and link index, l = 1

4. Repeat

(a) if two node pair in l are connected in Gobs

Tnew = Told + q

Hnew = Hold + q

l = l + 1

(b) if two node pair in l are not connected in Gobs

Tnew = Told + q
q0pl

1− pl + q0pl

Hnew = Hold +
1 + (qq0 − 1)pl
1− pl + q0pl

l = l + 1

Unitl H ≈ L̃ = qEobs/(1− q0)

5. 〈Q〉 = T/H

Figure 3: Inference of predictability on real-world networks with missing links

Conclusion

The optimal strategy for link prediction which ranks the likelihood of missing links according
to the ensemble connection probabilities outperforms all the link prediction methods on
different network ensembles. The OS predictability curve is approximated by fitting proper
network model to fully observed real networks and can be used as a benchmark to assess
the goodness of link prediction methods. This upper-bound can also be achieved with good
accuracy for real networks with missing links using cumulative sequential computation.
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